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1. Introduction
Let A = (an)n1 be an integer sequence. A prime p dividing a term an is called a primitive prime
divisor (PPD for short) of an if p does not divide am for any m < n with am = 0. Sequences whose
terms all have PPDs beyond some point are of great interest in number theory.
Deﬁnition 1.1. Let A = (an)n1 be an integer sequence. Deﬁne
Z(A) = sup{n: an does not have a primitive prime divisor}.
The number Z(A) ∈ N ∪ {∞} is called the Zsigmondy bound for the sequence A.
In [1], Bang considered the sequence (an − 1)n1, where 1 < a ∈ Z and showed that
Z((an − 1)n1)  6. Zsigmondy in [16] proved the more general result that given any coprime in-
tegers a,b with a > b > 0, the nth term of the sequence (an − bn)n1 has a PPD for each n > 6. The
sequence studied by Zsigmondy satisﬁes a binary linear recurrence relation, and much of the work in
this area has concentrated on these types of sequences. In [3], Carmichael showed that for any real
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210 A. Flatters / Journal of Number Theory 129 (2009) 209–219Lucas or Lehmer sequence L, Z(L) 12. Carmichael’s result was later completed by Bilu, Hanrot and
Voutier, and in [2] they showed, using powerful methods from transcendence theory and computa-
tional number theory, that for any Lucas or Lehmer sequence L′ , Z(L′) 30. Moreover, they were able
to describe all Lucas and Lehmer numbers without a PPD and hence show that this bound is sharp.
Many arithmetic properties of linear recurrence sequences have analogues for elliptic recurrence
sequences. In [13], Silverman shows that if E is an elliptic curve in Weierstrass form deﬁned over Q,
and P ∈ E(Q) is a non-torsion point, then the associated elliptic divisibility sequence (the square root
of the denominators of x(nP )) has a ﬁnite Zsigmondy bound. For elliptic curves in global minimal
form, it seems likely that this bound is uniform, and the papers [6,8] exhibit inﬁnite families of
elliptic curves with a uniform Zsigmondy bound.
The result of Zsigmondy can be generalised to a number ﬁeld setting, where a,b are now algebraic
integers of a number ﬁeld K . The integral ideal generated by an − bn factorises uniquely as a product
of prime integral ideals. Therefore, we can ask which terms of a sequence S = (Sn)n1 of algebraic
integers have a primitive prime ideal divisor (or PPID for short), that is, for which n is there a prime
ideal p which divides the nth term, but not any preceding term. We therefore deﬁne the Zsigmondy
bound Z I (S), to be the supremum of the set of n ∈ N such that the ideal generated by Sn does not
have a PPID.
Theorem 1.2. (See Schinzel [12].) Let A, B be coprime integers of an algebraic number ﬁeld such that AB is not
a root of unity. Then the expression An − Bn has a PPID for all n > n0(d), where d is the degree of the extension
Q( AB )/Q.
So, for these sequences the Zsigmondy bound Z I is ﬁnite. An easy corollary of Theorem 1.2 is the
motivation for this work. However, we ﬁrst need to give the following deﬁnition.
Deﬁnition 1.3. Let α be an algebraic integer and let L be the splitting ﬁeld of the minimum polyno-
mial of α over Q. Deﬁne the sequence (α) = (n(α))n1, by setting
n(α) = NL/Q
(
αn − 1).
The sequence (α) is called the Lehmer–Pierce sequence associated to α.
It is at once clear from this deﬁnition that if β is a conjugate of α then (β) = (α).
Our focus will be on studying the terms of these sequences and observing which terms fail
to admit a PPD. We remark that it suﬃces to study the primitive prime divisors of terms in
the sequence ˆ(α) = (ˆn(α))n1 where ˆn(α) = NF/Q(αn − 1) and F = Q(α). This is because
n(α) = (ˆn(α))[L:F ] , and so the prime divisors of n(α) are identical to those of ˆn(α).
From now on K will denote a real quadratic ﬁeld (so K = Q(√D) for some squarefree D > 1),
R its ring of integers, U the unit group of R and N , the ﬁeld norm NK/Q . Also throughout u will
denote an element of U which is not ±1 and v will denote the algebraic conjugate of u.
Corollary 1.4. Let u ∈ U . If u has norm 1, there exists a constant C1 > 0 (independent of u) such that
Z((u))  C1 . If u has norm −1, then there exists a constant C2 > 0 (independent of u) such that n(u)
has a primitive prime divisor for any n > C2 with n ≡ 2 (mod 4).
Our aim is to ﬁnd the numbers C1,C2 from this corollary.
The sequence (α), for any algebraic integer α, was examined by Pierce in his paper [11], where
he looked at what form the factors of n(α) take. In [10], Lehmer further studied the factors of
the n(α). He applied this information to show that for particular α, certain large entries in (α)
are prime, for example, 113(γ ),127(γ ) are prime, where γ 3 − γ − 1 = 0. Lehmer was interested
in the growth rate of these sequences (α), and he remarked that if no conjugate of α has absolute
value 1, then limn→∞ n(α) (α) exists, and we write M(α) for this value. For Lehmer’s purposes, thosen−1
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argument is put forward that suggests the density of primes in (α) for such α is proportional
to 1M(α) .
The sequence  is also of interest in algebraic dynamics, since multiplication by the companion
matrix of the minimum polynomial of α over Q induces an endomorphism T of the d-torus, where
d is the degree of α. When no conjugate of α has absolute value 1, T is an ergodic transformation
with respect to Lebesgue measure, |n(α)| counts the number of points of period n under T , and
the topological entropy of T is equal to logM(α). A much more detailed account of the connection
between M(α) and dynamical systems can be found in [5].
These sequences also have combinatorial applications. For instance, when you take u = 1 + √2,
|n(u)| counts the number of 2 × 2 tiles in all tilings of a 3 × (n + 1) rectangle with 1 × 1 and
2 × 2 square tiles; more details about this sequence are provided on Sloane’s website [14, A095977].
Another such example is when u = 3+
√
5
2 , see [14, A004146]. In addition, for any Elliptic curve E and
p a ﬁxed prime, (|E(Fpn )|)n1 is a Lehmer–Pierce sequence associated to a quadratic algebraic integer.
We prove the following theorem.
Theorem 1.5. Let u ∈ U and (u) be the Lehmer–Pierce sequence associated to u. Then for each u of norm 1,
n(u) has a primitive prime divisor for all n > 12. For each u of norm −1 and n > 24, n(u) fails to have a
primitive prime divisor if and only if n ≡ 2 (mod 4).
It is easy to see that when u has norm 1, (u) is a ternary linear recurrence sequence, and
when u has norm −1, a quaternary linear recurrence sequence—see [7]. In addition, it is remarked
that it seems likely that when u = 2 + √3, Z() = 6, and in our later discussion we verify that this
is indeed the case. To date, not much is known about the PPDs of the terms n(α) for arbitrary
algebraic integers α, and it would be interesting to know which other Lehmer–Pierce sequences have
the property that Z((α)) is ﬁnite.
2. A criterion for primitive divisor failure
We begin with a proof of Corollary 1.4 as it will be instrumental in obtaining a condition that will
need to be satisﬁed if n fails to have a PPD.
Proof of Corollary 1.4. Deﬁne Un = un − 1 and Vn = vn − 1, where v is the algebraic conjugate of u.
There are only two ways in which n(u) could fail to have a primitive prime divisor, and they are the
following:
(a) Both Un and Vn fail to have PPIDs.
(b) Every PPID of Un has already appeared before as a divisor of Vm for some m < n.
Suppose then that p is a PPID of Un but that p|Vm for some m < n. Then
(
vm − 1)= pq
for some integral ideal q. Hence, multiplying through by (um),
(
um
)(
vm − 1)= pq.
If um has norm 1, this implies that p divides Um , which cannot be the case as p is a PPID of Un .
Finally, we need to consider the case that u has norm −1 and m is odd. If (b) occurs in this
case, we have that p|(um + 1). Therefore, um ≡ −1 (mod p) and so u2m ≡ 1 (mod p). Now as p is a
PPID of Un , u has order n in the group (R/p)∗ . Therefore n|2m. Since m < n, this is enough to secure
that n = 2m, and we conclude that (b) can only hold in the case when n is twice an odd integer. If
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never have any PPDs. We have deduced that if n(u) fails to have a PPD, then both Un and Vn fail
to have PPIDs except in the case where u has norm −1 and then all terms n(u) for which (b) is
satisﬁed, are those with n ≡ 2 (mod 4). The fact that n(u) fails to have a PPD beyond some point if
n ≡ 2 (mod 4) was ﬁrst pointed out by Györy.
Hence for u of norm 1, n(u) will only fail to have a PPD, when (a) holds. So by Theorem 1.2,
this tells us that Z I ((Un)n1) n0(2), and Z I ((Vn)n1) n0(2), and so for all u of norm 1, Z((u))
is uniformly bounded. If u has norm −1, then n(u) will fail to have a PPD when n ≡ 2 (mod 4) or
when (a) holds. Applying Theorem 1.2 again gives Corollary 1.4. 
In the above proof, we mentioned that if n(u) failed to have a PPD then one of (a) or (b) holds.
We now invoke a result of Schinzel to turn these conditions into quantitative statements.
Lemma 2.1. Let u ∈ U be of norm 1, then for any n > 6, if n(u) fails to have a primitive prime divisor we
have
N
(
φn(u)
)∣∣n2, (1)
where φn(x) ∈ Z[x] denotes the nth cyclotomic polynomial. Moreover, if u has norm −1 then for any n > 6
with n ≡ 2 (mod 4), the failure of n(u) to have a primitive prime divisor implies (1) holds.
Proof. Apply Lemma 4 of [12] to deduce that if p is not a PPID of Un nor Vn , then for n > 6,
ordp
(
φn(u)
)
 ordp(n)
and
ordp
(
φn(v)
)
 ordp(n).
Adding these two inequalities together tells us that
ordp
(
N
(
φn(u)
))
 ordp
(
n2
)
,
and so we have proved the statement of the lemma. 
We can use Lemma 2.1 to prove a result which, given any u ∈ U , allows us to obtain an upper
bound on n such that n(u) has no PPD.
To help us do this for all u ∈ U we will use some simple arithmetic properties of the se-
quence (u). Firstly, we note that for u a unit of norm −1, n(u) = n(−u) for n even and
n(u) = −n(−u) for n odd. This means that for any u ∈ U , the Lehmer–Pierce sequence associ-
ated to u is (up to sign) the same as the Lehmer–Pierce sequence associated to |u|. This therefore
means that to study the primes that appear in (u), for u of norm −1 it is enough to look at (u)
for u > 0. In fact, we can restrict to u > 1, since (u) = (v) for each u, so if u ∈ (0,1) then v < −1,
hence up to sign (u) is the same as (−v). When u has norm 1 it is only necessary to look at
(u) for u < −1 and u > 1. This is because (u) = (v), and so if |u| > 1, then |v| < 1 and so we
get the case |u| < 1 as an immediate consequence. However, we cannot restrict further, since in this
case n(u) = n(−u) for n even and n(−u) = 4 − n(u) for n odd, so it is not obvious how we
can relate the arithmetic properties of (u) to (−u). Our observations lead us to conclude that to
make a complete study of primitive prime divisors of terms of these sequences (u), it is suﬃcient
to consider the cases N(u) = 1, |u| > 1 and N(u) = −1, u > 1.
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prime divisor, then
logn − 2 log logn − 4
logn
< 1.78892− log logu. (2)
If u > 1 has norm −1, n ≡ 2 (mod 4), and n(u) has no primitive prime divisor, then
logn − 2 log logn − 4
logn
< 2.28302− log logu. (3)
Proof. Recall the factorisation of xn − 1 into a product of cyclotomic polynomials as follows
xn − 1 =
∏
d|n
φd(x).
Hence we have the following factorisation of n(u),
∣∣n(u)∣∣=∏
d|n
∣∣N(φd(u))∣∣.
Taking logarithms now gives
log
(∣∣N(un − 1)∣∣)=∑
d|n
log
(∣∣N(φd(u))∣∣).
Applying the Möbius Inversion Formula for arithmetical functions now yields
log
(∣∣N(φn(u))∣∣)=∑
d|n
log
(∣∣N(ud − 1)∣∣)μ
(
n
d
)
. (4)
Now using (4), we are going to estimate the size of |N(φn(u))|. If u is a unit of norm 1, then
log
∣∣N(ud − 1)∣∣= log ∣∣ud − 1∣∣+ log ∣∣vd − 1∣∣
= log ∣∣ud − 1∣∣+ log
∣∣∣∣ 1ud − 1
∣∣∣∣
= log ∣∣ud∣∣+ 2 log
∣∣∣∣1− 1ud
∣∣∣∣.
Therefore, by (4) we have
log
(∣∣N(φn(u))∣∣)=∑
d|n
log
∣∣ud∣∣μ
(
n
d
)
+ 2
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)
= φ(n) logu + 2
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)
. (5)
The estimation of divisor sums as in (5) will be important in obtaining our Zsigmondy bounds. We
estimate this type of term by using the Taylor expansion for log(1 − x) as follows. Let x, x0 ∈ R be
such that 1 < x0  |x|, then
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∑
d|n
log
(
1− 1
xd
)
μ
(
n
d
)∣∣∣∣<
∞∑
m=1
1
m
∑
d|n
1
|x|md
<
∞∑
m=1
1
m
∞∑
d=1
1
xmd0
=
∞∑
m=1
1
mxm0
·
(
1− 1
xm0
)−1
<
x0
x0 − 1
∞∑
m=1
1
mxm0
= x0
x0 − 1 log
(
x0
x0 − 1
)
. (6)
We can now use this to estimate the sum in (5). If u has norm 1 and u > 1 then u  ( 3+
√
5
2 ), so
using (6) we have that
∣∣∣∣
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)∣∣∣∣< 0.77862.
Hence, it follows that
log
(∣∣N(φn(u))∣∣)> φ(n) logu − 1.55724.
We now invoke Lemma 2.1. If n(u) is to have no PPDs, then |N(φn(u))| n2. Therefore, we have the
following relation
uφ(n) < e1.55724n2. (7)
Taking logarithms twice of both sides we obtain
log
(
φ(n)
)+ log logu < log(1.55724+ 2 logn)
= log
(
1.55724
logn
+ 2
)
+ log logn.
Since n 7, hence we have that
log
(
φ(n)
)
< 1.02972− log logu + log logn,
and therefore
logn < 1.02972− log logu + log logn −
∑
p|n
log
(
1− 1
p
)
.
Noting now that for all primes p, − log(1− 1p ) 1p + 1p2 , yields that
logn < 1.02972− log logu + log logn +
∑
p|n
1
p
+
∑
p|n
1
p2
.
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ζ(s) denotes the Riemann-Zeta function. Therefore,
logn < 1.52742− log logu + log logn +
∑
pn
1
p
.
In [15], the following estimate is derived
∑
pn
1
p
< log logn + B + 4
logn
,
where B is a numerical constant whose value is approximately 0.2614972128. Inserting all this infor-
mation into our inequality yields
logn − 2 log logn − 4
logn
< 1.78892− log logu. (8)
If w < −1 is a unit of norm 1, then w = −u for some norm 1 unit u > 1. Substituting −u for u
throughout the above calculation gives us that if n(−u) fails to have a PPD then (7) holds and
consequently (8) holds.
If u is a unit of norm −1, then
log
∣∣N(ud − 1)∣∣= log∣∣ud∣∣+ log
∣∣∣∣1− 1ud
∣∣∣∣+ log
∣∣∣∣1− (−1)
d
ud
∣∣∣∣.
Substituting this expression for log |N(ud − 1)| into Eq. (4), we have
log
(∣∣N(φn(u))∣∣)=∑
d|n
log
∣∣ud∣∣μ
(
n
d
)
+
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)
+
∑
d|n
log
∣∣∣∣1− (−1)
d
ud
∣∣∣∣μ
(
n
d
)
= φ(n) logu +
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)
+
∑
d|n
log
∣∣∣∣1− (−1)
d
ud
∣∣∣∣μ
(
n
d
)
. (9)
Since u > 1 is of norm −1 we have that u  1+
√
5
2 and so using (6) we have that
∣∣∣∣
∑
d|n
log
∣∣∣∣1− 1ud
∣∣∣∣μ
(
n
d
)∣∣∣∣< 2.51966,
and hence also
∣∣∣∣
∑
d|n
log
∣∣∣∣1− (−1)
d
ud
∣∣∣∣μ
(
n
d
)∣∣∣∣< 2.51966.
Therefore, from (9) we ﬁnd that
log
(∣∣N(φn(u))∣∣)> φ(n) logu − 5.03932,
and consequently
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φ(n)
e5.03932
.
Hence, from Lemma 2.1, if n(u) fails to have a PPD when n ≡ 2 (mod 4) then
uφ(n) < e5.03932n2, (10)
and running through the same calculation as before gives us the desired inequality. 
3. Main results
We now illustrate how to use the results of Lemma 2.1 and Theorem 2.2 in order to deduce the
Zsigmondy bound for these Lehmer–Pierce sequences. Let u > 1 be a unit, so u  k0 for some constant
k0 > 1. By the result of Theorem 2.2, we know that logn − 2 log logn − 4logn is bounded above. The
function g : (1,∞) → R deﬁned by g(x) = log x− 2 log log x− 4log x is increasing, so as g(n) is bounded
above, then so is n. Hence we obtain that n k1 for some k1  6. Now using inequalities (7) and (10)
we have that kφ(n)0 < An
2 where A is either e1.55724 or e5.03932. Checking for which n ∈ [7,k1], the
inequality kφ(n)0 < An
2 is satisﬁed enables us to reduce the initial bound to n k2, where 6 k2  k1.
The best value we could hope to obtain for k2 would be 6. If we increase k0 suﬃciently, the nature
of the inequalities (7) and (10) will allow this optimal value for k2 to be reached. So we can say that
if u > k3, for some k3  k0, then Z((u))  6 and this is as far as we can go. However, the number
of units u lying in the interval (1,k3) is ﬁnite, so we have a ﬁnite amount of checking to do to obtain
the Zsigmondy bound. For u ∈ (1,k3), we use Lemma 2.1 to reﬁne the bound from n  k2 to n  k4
say, and then look at the prime factorisation of the remaining terms n(u) for 1 n  k4 to deduce
exactly the terms without primitive prime divisors.
3.1. Units of norm 1
We will now apply the above scheme. Let u > 1 be of norm 1, then we can choose k0 = 3+
√
5
2 .
Eq. (2) therefore implies that
g(n) < 1.82722. (11)
Solving the equality g(n) = 1.82722 in Maple 9.5 allows us to deduce that (11) only holds when
n  445. Now we have that kφ(n)0 < e1.55724n2. Looking for n ∈ [7,445] such that the inequality is
satisﬁed, we ﬁnd that n 30 which means that we can take k2 = 30. More precisely the only values
of n for which it holds are 8,9,10,12,14,18,24 and 30. Now we look for the value of k3 which lets
us take k2 = 6. Some experimenting on Maple 9.5 shows us that we should take k3 = 6.
So we conclude that for u > 6 we have Z((u))  6. So now all we have to do is examine the
units for which 1 < u  6.
To ﬁnd norm 1 units u ∈ (1,6], we note that when D ≡ 1 (mod 4), u is of the shape u = a+ b√D ,
where a,b are integers. Hence, the following inequality holds
2.61803 < a + b√D  6.
Taking reciprocals we have
0.16666 < a − b√D < 0.38197,
and it is clear that
2 a 3.
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thus giving us u = 2±√3. Hence, u = 2+√3 is the only valid solution. Similarly if a = 3 the only valid
unit is u = 3+2√2. We now come to the case where D ≡ 1 (mod 4). A similar analysis for u = a+b
√
D
2
yields
3 a 6.
The only solutions to N(u) = 1 with a in this range are u = 3±
√
5
2 and u = 5±
√
21
2 , but again since
u > 2.61803, we take the positive sign. Hence there are four units of norm 1 which are greater than 1
but less than 6, namely 3+ 2√2,2+ √3, 3+
√
5
2 ,
5+√21
2 .
We begin by looking at the case u = 3+
√
5
2 . We ﬁnd that inequality (7) holds when n is equal to
8,9,10,12,14,18,24 or 30. Our condition (1) does not hold when n is equal to 14, 18, 24, or 30. So we
now need to check to see which terms, n(u), n 12, have primitive prime factors. It is immediately
clear by looking at their prime factorisation that n(u) has no PPDs precisely when n = 6,10,12.
Turning our attention to u = 3 + 2√2, inequality (7) does not hold for any 7 n 30. So we can
say immediately that Z((u))  6. Again looking at the prime factors of the remaining terms it is
clear that all terms beyond the second have a PPD, so Z((u)) = 2.
When u = 2+ √3, and we observe that (7) and (1) imply that n 6 if n(u) fails to have a PPD.
Examining the prime factors of the remaining terms we conclude that the 4th and 6th terms of this
sequence are the only ones which do not have a PPD.
When u = 5+
√
21
2 , (7) and (1) are enough to secure that n 6 if n(u) has no PPD. Checking prime
appearance in the remaining terms shows us that n(u) has a PPD for all n > 6, and 6(u) is the
only term which fails to have a PPD.
Now we come to consider the remaining case that w < −1 and N(w) = 1. We know, that w = −u,
for some u > 1 of norm 1 and that inequalities (7) and (8) both hold. So therefore by using the above
argument for units u > 1 we can say immediately that if n(−u) fails to have a PPD, then n  30.
In addition, we can say that for u > 6, Z((−u))  6. Therefore, we need only look at the cases
1 < u  6. This means we need only look at the units w = −2 − √3,−3− 2√2, −3−
√
5
2 ,
−5−√21
2 . We
note that as before, (7) only holds when n = 8,9,10,12,14,18,24 or 30. We will now use Lemma 2.1,
for given u to determine for which n,
N
(
φn(−u)
)∣∣n2 (12)
holds, and hence we can reﬁne slightly the Zsigmondy bound for (−u).
We start by looking at the case that u = 3 + 2√2. In this instance we ﬁnd that (12) does not
hold for all n ∈ [7,30] and so we have that Z((−u)) 6. By inspection of the prime decomposition
of the remaining terms we ﬁnd that the second term is the only one without a PPD, and hence
Z((−u)) = 2.
When u = 2+√3, (12) does not hold for any n ∈ [7,30] so once again we have that Z((−u)) 6.
Looking at the prime decomposition of the terms up to the sixth we ﬁnd that the only terms of the
sequence which do not have a PPD are the second, third and fourth. Hence in this case Z((−u)) = 4.
For the case u = 5+
√
21
2 , applying (12) again yields Z((−u)) 6. By looking at the prime factors
of the remaining terms we have that the sixth term is the only term without a PPD and hence that
Z((−u)) = 6.
Looking at the case u = 3+
√
5
2 , we ﬁnd that (12) holds precisely when n = 12. Hence we
conclude that Z((−u))  12. Examination of the prime factorisation of the remaining terms of
the sequence allows us to conclude that Z((−u)) = 12 and the only terms without a PPD are
2(−u),5(−u),6(−u) and 12(−u).
We have therefore proven the following theorem.
Theorem 3.1. Let 1 < |u| ∈ U have norm 1. Then Z((u))  6 except for when u = ±( 3+
√
5
2 ). For u =
3+√5
2 , Z((u)) = 12 and the only terms without a primitive prime divisor are 6(u),10(u) and 12(u).
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√
5
2 , Z((u)) = 12 and the only terms without a primitive prime divisor are 2(u),5(u),6(u)
and 12(u).
3.2. Units of norm −1
We now wish to establish a similar result when u is a unit of norm −1. If u has norm −1 and
n = 2k where k is an odd integer, then (1) will not hold, but when n is of this form n(u) does
not have a PPD, so we just ignore these values of n. Deﬁne ′(u) to be the sequence obtained by
removing from (u), the terms n(u) for which n ≡ 2 (mod 4). We now apply the above scheme to
(u) to obtain a Zsigmondy bound for ′(u).
Let u > 1 be a unit of norm −1, this therefore means that we can take k0 = 1+
√
5
2 . By (3) we have
that g(n) < 3.01447 and solving this inequality as before we ﬁnd we can take k1 = 1990. Looking for
n ∈ [7,1990] such that the inequality kφ(n)0 < e5.03932n2 holds we ﬁnd that n  90, so we can take
k2 = 90. Again, we look for the value of k3 that will allow us to take k2 = 6. Some experimenting on
Maple 9.5 shows us that we need k3 = 13.
So we conclude that for units u > 13, Z(′(u)) 4 (since we disregard the terms n ≡ 2 (mod 4)
in (u)) and so now all we need to do is consider the units u ∈ (1,13].
Finding the positive units of norm −1 that are between 1 and 13 is a ﬁnite problem and using the
method from earlier we ﬁnd that they are 1+ √2, 1+
√
5
2 , 2+
√
5, 11+5
√
5
2 , 3+
√
10, 3+
√
13
2 , 4+
√
17,
5+ √26, 5+
√
29
2 , 6+
√
37, 7+
√
53
2 ,
9+√85
2 .
Now we need to look at the terms of the sequence between the ﬁrst and the ninetieth (disregard-
ing the nth term if n ≡ 2 (mod 4)) to see which have no PPDs.
For u = 1+
√
5
2 , relations (1) and (10) are enough to ensure that for n > 6, n(u) has a PPD un-
less n = 12,20,24. Hence, we examine the prime decomposition of the terms ′n(u) for n  18 to
see which ones have PPDs. Doing this, shows us that ′9(u),′15(u) and ′18(u) are the only terms
of ′(u) with no primitive prime factors.
For the case u = 1 + √2, we have that (10) and (1) are enough to guarantee that Z(′(u))  4.
Once again we check to see which terms n(u) fail to possess a PPD for the relevant values of n
between 1 and 5, and we ﬁnd that the only such term is 4(u) = ′3(u).
For all of the other units u  13, conditions (10) and (1) are enough to secure that n < 6, and
hence that Z(′(u)) 4. Checking for PPDs of the remaining terms in exactly the same way as above,
yields that Z(′(u)) = 1.
Our case checking is now complete and we have derived the following result, which when com-
bined with the result of Theorem 3.1, gives us the statement of Theorem 1.5.
Theorem 3.2. Let 1 < u ∈ U have norm −1. Then Z(′(u))  4 except for when u = 1+
√
5
2 . For u = 1+
√
5
2 ,
Z(′(u)) = 18 and the only terms without a primitive prime divisor are ′9(u),′15(u) and ′18(u).
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